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Abstract The sequential particle micromixing model (SPMMM) is used to estimate con-
centration fluctuations in plumes dispersing into a canopy flow. SPMMM uses the familiar
single-particle Lagrangian stochastic (LS) trajectory framework to pre-calculate the required
conditional mean concentrations, which are then used by an interaction by exchange with
the conditional mean (IECM) micromixing model to predict the higher-order fluctuations of
the scalar concentration field. The predictions are compared with experimental wind-tunnel
dispersion data for a neutrally stratified canopy flow, and with a previously reported imple-
mentation using simultaneous particle trajectories. The two implementations of the LS–IECM
model are shown to be largely consistent with one another and are able to simulate dispersion
in a canopy flow with fair to good accuracy.

Keywords Canopy flow · Concentration fluctuations · Micromixing modelling ·
Scalar dissipation

1 Introduction

The state variable (X, U) in a first-order Lagrangian stochastic (LS) trajectory model com-
prises the position and velocity of a fluid element, and may be augmented to include the
concentration φ of some gas of interest, this being computed using a micromixing model.
SPMMM is the acronym—it stands for sequential particle micromixing model—given by
Postma et al. (2011, hereafter referred to as Part I) to their particular implementation of a stan-
dard LS model coupled to the interaction by exchange with the conditional mean (IECM)
micromixing model (Fox 1996; Pope 1998). Here, we extend to more complex flows our
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earlier comparison with an alternative implementation of the same LS and micromixing
models by Cassiani et al. (2005, hereafter referred to as the CASS model or implementation).

The coupling of the LS model and the IECM micromixing model allows SPMMM and
the CASS model to predict the higher-order moments of the scalar concentration field. We
emphasize at the outset that SPMMM and the CASS model are mathematically equivalent, but
differ in their numerical implementation. Both release N independent particles to compute
the required conditional mean concentrations. However, while the CASS implementation
computes the trajectories of the N particles simultaneously, calculating the conditional mean
concentrations at each timestep (or ‘on-the-fly’), SPMMM computes the trajectories of the
N particles sequentially and pre-calculates the needed conditional mean concentrations. In
both implementations, the trajectories of the particles are computed with single-point velocity
statistics.

In Part I, SPMMM was used to simulate dispersion in a wall shear layer. As conveniently
simple and comprehensible as a wall shear layer is, its occurrence outside of wind tunnels and
water channels is rare. The surface of the earth is for the most part neither flat nor uniform. It
is covered with different types of vegetation and buildings of different shapes which collec-
tively make up the canopy. In the case of a city, over small distances, the individual canopy
elements change rapidly as we pass over parks, downtown cores, and residential areas. There
are, however, also large areas where the canopy is approximately uniform. Modern suburban
areas, for example, have row upon row of similarly shaped and sized houses, and many forests
contain very similarly aged and sized trees. Perhaps the most uniform canopy can be found
in crops, a monoculture of equally aged and uniformly spaced plants, such as a cornfield. As
the majority of the human population resides in areas covered by some form of canopy, a
model that can accurately simulate dispersion within in a canopy would be of great benefit
for emergency preparedness and urban planning (nuisance odours). Furthermore, the use of
chemical fertilizers and pesticides may be reduced with a more thorough understanding of
dispersion through the crop canopy.

The principal advantage of the sequential particle/pre-calculation architecture of SPMMM
over the simultaneous particle/on-the-fly architecture of the CASS model is the potential for
very fast simulations, since SPMMM can be trivially parallelized due to the independent
nature of the particles (in that they are released one at a time, rather than simultaneously). In
the CASS implementation, the conditional mean concentrations are calculated based on the
concentrations and velocities of the particles that occupy a particular region of space. In a
parallel-computing environment, communication between the processors takes time: to cal-
culate the conditional mean concentrations, the program must pause, share particle position,
velocity, and concentration information amongst the processors, perform the calculations and
then carry on to the next timestep. Modern parallel algorithms utilizing domain decompo-
sition can attain approximately 80% parallel efficiency (e.g. Rembold et al. 2008), but the
sequential particle/pre-calculation framework of SPMMM allows for trivial computational
parallelization and an almost linear increase in performance. The drawback is that it cannot
be used to simulate the dispersion of chemically reactive species.

The simulation of chemical reactions requires at the very least the concentrations of all
species to be known. This is not possible with SPMMM, since a single particle at a time is
used to pre-calculate the conditional mean concentrations—at the most one species could
be simulated. In the CASS implementation, the N particles are released simultaneously and
could (if desired) represent different chemical species. At each timestep, the concentrations
of each species could be calculated and the reaction simulated.

Decreased simulation times are particularly advantageous for emergency preparedness
scenarios—a chemical spill in a densely populated urban centre, for example. In this case,
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emergency responders would benefit greatly from a model that can quickly and accurately
predict the resulting plume, thus allowing for the evacuation of threatened populations. Fur-
thermore, a model that provides a more complete picture of the concentration field (by
predicting higher-order moments) would allow responders to more accurately predict dosage
and exposure of any population who could not be evacuated in time.

It was shown in Cassiani et al. (2007) that the parametrization of the micromixing time
scale used in both SPMMM and the CASS models performed well for simulating disper-
sion in a canopy flow with the simultaneous particle/on-the-fly implementation of the CASS
model. In this article, we investigate whether this is also true for the sequential particle/pre-
calculation implementation of SPMMM.

2 Model Formulation

A full description of SPMMM can be found in Part I, and so we provide a summary only of
the relevant equations and their numerical implementation.

2.1 Governing Equations

The equations that govern the evolution of the velocity, position and concentration of a
marked fluid element are, respectively:

dU ′
i = ai (X, U ′, t)dt + bi j (X, U ′, t)dξ j (t), (1)

dXi = (〈ui 〉 + U ′
i

)
dt, (2)

dφ = − 1

tm
(φ − 〈φ|u〉)dt, (3)

where U ′
i is the Lagrangian velocity fluctuation relative to the Eulerian mean (viz., U ′

i =
ui − 〈ui 〉), Xi is the particle position, φ is the scalar concentration, dt is a small timestep
and dξ j (t) represents an incremental Wiener process with zero mean and variance dt . On
the right-hand side of Eq. 1, we have the deterministic drift term ai dt , and the stochastic
diffusion term bi j dξ j . In Eq. 3, we have the scalar micromixing time scale tm, and the mean
scalar concentration conditioned on the local velocity 〈φ|u〉 (also called the conditional mean
concentration).

Following the lead of Thomson (1987), we specify the form of the probability density
function (PDF) of the Eulerian velocity fluctuations to be a stationary Gaussian:

ga(x, u′) = [det(R−1)]1/2

(2π)3/2 exp

(
−1

2
u′

i R−1
i j u′

j

)
, (4)

where Ri j = 〈u′
i u

′
j 〉 is the Reynolds stress tensor and R−1

i j is its inverse. Using the well-mixed
condition (Thomson 1987), a particular functional form for ai is obtained:

ai = T (0)
i + T (1)

i j U ′
j + T (2)

i jk U ′
j U

′
k, (5)
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with

T (0)
i ≡ 1

2

∂ Ri�

∂x�

, (6)

T (1)
i j ≡ −1

2
(C0ε)R−1

i j + 1

2
R−1

j�
∂ Ri�

∂xk
〈uk〉

= −1

2
(C0ε)R−1

i j + T (2)
i jk 〈uk〉, (7)

T (2)
i jk ≡ 1

2
R−1

j�
∂ Ri�

∂xk
, (8)

where C0 is the universal Kolmogorov constant, ε is the turbulent kinetic energy (TKE)
dissipation rate and 〈uk〉 is the mean Eulerian velocity. By specifying

bi j = δi j (C0ε)
1/2, (9)

as the form of the stochastic term coefficient in Eq. 1, consistency of the LS model with
Kolmogorov’s theory of local isotropy (Monin and Yaglom 1975) is assured.

2.2 Parametrization of the Micromixing Time Scale

SPMMM uses a parametrization for the micromixing time scale first proposed by Cassiani
et al. (2005) for non-homogeneous, non-isotropic turbulence, where local equilibrium and
local isotropy are assumed:

tm = μ

(
σ 2

r

σ 2
Ur

)1/2

. (10)

The micromixing constant, μ, is effectively a ‘tuning’ parameter that depends upon the type of
turbulence, the source configuration, and the stage of development of the plume. The instan-
taneous plume width is denoted by σr and the variance of the Lagrangian relative velocity
fluctuations by σ 2

Ur
. This variance was modelled (Franzese 2003; Cassiani et al. 2005) as

σ 2
Ur

= σ 2
(σr

L

)2/3
, (11)

where

L = (3σ 2/2)3/2

ε
, (12)

represents the length scale of the most energetic eddies, and

σ 2 = σ 2
u + σ 2

v + σ 2
w

3
= 2k

3
, (13)

where the streamwise, spanwise and vertical velocity variances are denoted by σ 2
u , σ 2

v and
σ 2

w, respectively, and the TKE is denoted by k. Wherever σr > L , the constraint σ 2
Ur

= σ 2 is
imposed. The instantaneous plume width is modelled as

σ 2
r = d2

r

1 + (d2
r − σ 2

0 )/(σ 2
0 + 2σ 2TL t)

, (14)
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where dr is the root-mean-square separation between particle pairs in the instantaneous plume
and calculated in accordance with the Richardson law:

d2
r = Crε(t + t0)

3, (15)

where Cr is the Richardson constant, and TL ≡ 2σ 2/(C0ε) is the Lagrangian integral time
scale. By invoking linearization, this equation is discretized as

d2
r (t + 
t) = d2

r (t) + 3Crε(t + t0)
2
t, (16)

with the constraint that σ 2
r (t+
t) ≥ σ 2

r (t). The constant t0 = ts/C1/3
r (where ts = (σ 2

0 /ε)1/3

is the characteristic time scale of the source, and σ0 is the initial source distribution) ensures
that tm → ts as t → 0.

2.3 Numerical Implementation

Before simulating micromixing, SPMMM requires the conditional mean concentration field
〈φ|u〉 that is pre-calculated by the program MEANS. To maximize model resolution, the
calculation of the conditional mean concentration field is performed on a dynamic grid that
encompasses the plume in both the spatial (x, y, z) and velocity (u, v, w) domains, simi-
lar to the technique employed by the CASS model. The spatial domain is discretized into
Nx streamwise bins, Ny spanwise bins and Nz vertical bins, while the velocity domain is
discretized into Nu streamwise velocity bins, Nv spanwise velocity bins and Nw vertical
velocity bins. The position and velocity of the particle are indexed in discretized space as
(xI , yJ , zK , uL , vM , wN ), where upper-case subscripts are used to denote this discretization.
All calculations by MEANS and SPMMM are performed on this grid. As in Part 1, a forward
difference scheme was used to solve Eqs. 1 and 2.

MEANS calculates the conditional mean concentrations by releasing from the source
region Nφ particles, one at a time, and accumulating conditional residence times tvr =
tvr (xI , yJ , zK , uL , vM , wN ) for each bin in position–velocity space. From these residence
times, the conditional mean concentration field is calculated as

〈φ|u〉 = 〈φ|u〉(xI , yJ , zK , uL , vM , wN ) = Qtvr
V N v

φ

, (17)

where

N v
φ = N v

φ(xI , yJ , zK , uL , vM , wN ) = Nφ fu
u
v
w, (18)

is the number of particles during the simulation that visit bin (xI , yJ , zK , uL , vM , wN ), Q
is the source strength,V = V (xI , yJ , zK ) is the volume of a spatial bin and fu is the PDF of
the driving velocity statistics.

The algorithm for calculating the micromixing time scales is very similar to that outlined
in Cassiani et al. (2005, 2007). SPMMM calculates tm(xI , yJ , zK ) before simulating mix-
ing by releasing a small sub-ensemble of particles sequentially from the source region. The
micromixing time scale for the particle is computed according to Eqs. 10–16. When the last
of the particles in the sub-ensemble has exited the spatial domain through x > xmax, the mean
micromixing time scale in bin (xI , yJ , zK ) is calculated. For regions outside of the plume,
the micromixing time scale is equal to the turbulence time scale τ = k/ε. Furthermore, if
tm > τ , then tm is reset to τ .

In the micromixing stage of the simulation, N particles are released sequentially from the
upstream face of the spatial domain. They are initialized uniformly on this face and their
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initial concentration depends upon whether they are released from a source or non-source
region. If the particle originates within the SPMMM source region, then it is given an initial
concentration of φ0 = φsrc, where φsrc is the source concentration; otherwise, it is given
an initial concentration of φ0 = 0. The source configuration was chosen to be an infinite
line along the y-axis with a source height of zs. The initial distribution was modelled as a
Gaussian along the z-axis. The source concentration profile is thus

φsrc = Q√
2πσ0U

exp

(
−(z − zs)

2

2σ 2
0

)

. (19)

Since virtually all of the particles in the MEANS simulations would have been initialized
within five standard deviations of the source height, a particle is considered to be in the
SPMMM source region if |z − zs| ≤ 5σ0. However, beyond |z − zs| ≈ 3σ0, Eq. 19 gives
φsrc ≈ 0. The concentration of the particle is compared with the conditional mean concen-
tration for the position–velocity bin that it currently occupies as it travels downstream, and
is updated according to

φ(t + 
t) = φ(t) exp(−
t/tm) + 〈φ|u〉(1 − exp(−
t/tm)). (20)

Position and concentration data of the particles are extracted at user-specified planes and
saved for post-processing.

The timestep for the micromixing stage of SPMMM is


t = μt min[TLu , TLv , TLw , tm], (21)

where μt � 1 is the timestep constant and the Lagrangian integral time scales associated
with the streamwise, spanwise and vertical velocities are calculated as

TLu = 2σ 2
u

C0ε
, (22a)

TLv = 2σ 2
v

C0ε
, (22b)

TLw = 2σ 2
w

C0ε
. (22c)

The timestep used in MEANS for computation of the conditional mean concentrations and in
SPMMM for determination of the micromixing time scale was 
t = μt min[TLu , TLv , TLw ].

Perfectly reflective boundary conditions were employed on the upstream, top and bottom
faces of the simulation domain. Periodic boundary conditions were used on the lateral faces.
Neither SPMMM nor the CASS model resolve the canopy obstacles. Therefore, no reflection
scheme was needed to model the interaction of particles and the canopy obstacles.

3 Experimental and Computational Set-up

3.1 The Tombstone Canopy Experiments

The Tombstone Canopy consisted of a regular diamond-shaped array of thin billboard-like
obstacles. Each obstacle was a rectangular aluminum tab measuring 10 mm in spanwise width,
1 mm in streamwise thickness, and hc = 60 mm in height. The centre-to-centre streamwise
and spanwise spacings of the tabs were 44 and 60 mm, respectively. A neutral boundary layer
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was grown over a rough surface (consisting of gravel) within the Commonwealth Scientific
and Industrial Research Organization (CSIRO) Pye Laboratory open–return blower tunnel
and then encountered the Tombstone Canopy, which extended for 3 m in the streamwise
direction and covered the entire span of the wind tunnel. Velocity statistics for the u and
w components were extracted using a three-element hot-wire anemometer and a miniature
one-component sonic anemometer. The turbulence structure within and above the canopy is
described in Raupach et al. (1986).1 The boundary-layer depth was δ = 540 mm, and the
free-stream velocity was 〈u〉δ = 11.25 m s−1. The Reynolds number for the flow (based on δ

and 〈u〉δ) was Reδ ≈ 4.0 × 105. The friction velocity based on spatially averaged measure-
ments just above the canopy was u∗ = 1.03 m s−1, the roughness length was z0 = 8.3 mm,
and the spatially averaged mean streamwise velocity at canopy height was 〈u〉c = 3.40 m s−1.
Based on 〈u〉c and hc, the Reynolds number was Rec ≈ 1.4 × 104.

Two sets of dispersion experiments were carried out in the Tombstone Canopy flow: from
an elevated plane source (Coppin et al. 1986); and from an elevated cross-wind line source
(Legg et al. 1986). Here, we focus on the results for the elevated line source. The source
in the continuous, cross-wind, elevated line source experiments was a 0.9 mm diameter hot
wire positioned at a height of zs = 0.85hc = 51 mm, and placed midway between two rows
of obstacles. The source strength varied in the range, Q = 60−350 W m−1 from experiment
to experiment. The heat generated by the wire was sufficiently so low that it did not alter the
turbulence structure and could be treated as a passive tracer, allowing the temperature fluctu-
ations to be interpreted as concentration fluctuations. Concentration statistics were extracted
with a cold-wire resistance thermometer and made dimensionless with

φ∗ = Q

ρcpzs〈u〉s
, (23)

where ρ is the density of air, cp is the heat capacity of air at constant pressure and 〈u〉s is the
mean streamwise velocity at source height.

3.2 Driving Velocity Statistics and the TKE Dissipation Rate

Recall from Part I that SPMMM requires driving velocity statistics and a TKE dissipation
rate. Figure 1 displays polynomial interpolations to the data presented in Fig. 6 of Raupach
et al. (1986, 1987). They are identical to those used by Cassiani et al. (2007) to drive their
model, so that a direct comparison of the two models can be made. Since the Raupach et al.
(1986) velocity data did not include any v-component measurements, the standard deviation
of the spanwise velocity was estimated as σ 2

v = (σ 2
u σ 2

w)1/2, as suggested by Brunet et al.
(1994), and used by Cassiani et al. (2007). The velocity statistics were assumed to be horizon-
tally homogeneous and stationary. We note that the presence of the canopy in the SPMMM
simulations is manifested through its effects on the driving velocity statistics and the TKE
dissipation rate.

The left panel of Fig. 2 shows the polynomial fit to the far-field Lagrangian integral time
scale from Fig. 10 of Legg et al. (1986), where it was assumed that the Lagrangian vertical
velocity autocorrelation function had an exponential form, and that the variances of Eulerian
and Lagrangian vertical velocities were equal, which is strictly true only in homogeneous tur-
bulence. Consequently, the profile is meant to provide some indication of the behaviour of TL ,
and not represent it exactly. No measurements of TL were made above 3hc; above this height,
the value is held constant. The right panel of Fig. 2 shows three different determinations of

1 There were two errors in the axes labels of Fig. 6 in Raupach et al. (1986). The figure is corrected in Raupach
et al. (1987).
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Fig. 1 Vertical profiles of the dimensionless velocity statistics for the Tombstone Canopy flow. The left panel
shows the dimensionless streamwise mean velocity. In the right panel, the various lines display (from right
to left): the dimensionless standard deviation of the streamwise velocity σu/u∗ (solid line); the dimensionless
standard deviation of the spanwise velocity σv/u∗ (dotted line); the dimensionless standard deviation of the
vertical velocity σw/u∗ (dot-dashed line); and the dimensionless covariance 〈u′w′〉/u2∗ (dashed line). The
velocity statistics were assumed to be horizontally homogeneous and stationary

Fig. 2 Vertical profiles of the dimensionless Lagrangian integral time scale (left panel) and dimensionless
TKE dissipation rates (right panel) for the Tombstone Canopy flow. Several different determinations (both
measured and modelled) of the TKE dissipation rate are shown in the right panel: u-spectral determination
(triangles); w-spectral determination (squares); residual determination (circles); inferred from the TL profile
with C0 = 2.0 (solid line); inferred from the TL profile with C0 = 6.0 (dotted line); and by assuming local
equilibrium (dashed line)

the TKE dissipation rate from Fig. 15 of Raupach et al. (1986): from the u-velocity spectra
(triangles); from the w-velocity spectra (squares); and from a residual calculation (circles)
in accordance with
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ε = Ps + Pw + Tt, (24)

where

Ps = −〈u′w′〉∂〈u〉
∂z

, (25)

is the shear production,

Pw = −〈u〉∂〈u′w′〉
∂z

, (26)

is the wake production, and Tt is the turbulent transport (which does not have a closed form).
The three measurements agree reasonably well within the canopy but display a factor of two
discrepancy between the spectral and residual methods above the canopy.

Cassiani et al. (2007) interpreted the Lagrangian integral time scale measurements of
Legg et al. (1986) to be TLw and used the relation TLw = 2σ 2

w/C0ε to determine the TKE
dissipation rate. They found that C0 = 2.0 produced an acceptable fit to the measured TKE
dissipation data, as shown by the solid line in the right panel of Fig. 2. The value of C0 = 2
lies at the lower end of the currently accepted range of values for this parameter, and is sub-
stantially different than C0 = 6 used in the wall shear-layer simulations in Part I. However,
the TKE dissipation rate inferred from TL with C0 = 6.0 does not fit any of the in-canopy
TKE dissipation measurements very well, as shown by the dotted line in Fig. 2.

A second method of calculating the TKE dissipation rate uses Eq. 24. Since the shear and
wake productions of TKE are in closed form, they are readily calculated from the available
velocity statistics. However, the turbulent transport of TKE is unclosed and must be mod-
elled, which has the undesirable side-effect of introducing more arbitrary constants into the
estimation of ε, and thus into SPMMM. We therefore chose simplicity, and assumed local
equilibrium, and calculated the TKE dissipation rate as ε ≈ Ps + Pw . A Savitzky–Golay filter
was used to remove noise from the profile. The resulting profile is shown by the dashed line
in Fig. 2. Overall, this method produced a good fit to the experimental data, and is slightly
better than the method of inferring a TKE dissipation rate from a profile of the Lagrangian
integral time scale, particularly above the canopy. Furthermore, it does so with no reference
to (or dependence upon a chosen value of) the Kolmogorov constant. The assumption of
local equilibrium within the canopy is certainly incorrect. Raupach et al. (1986) note that
turbulent transport was a major loss in the TKE budget just above the canopy and was the
principal gain within the upper canopy. Thus, the inclusion of Tt in the calculation of the TKE
dissipation rate would probably result in a better fit to the experimental data. However, as
shown in Fig. 2, the assumption of local equilibrium can be used to determine a reasonably
accurate TKE dissipation rate, without the need for introducing further tunable parameters
into the estimation scheme for ε.

3.3 Set-up for the SPMMM Simulations

In this article, we compare two SPMMM simulations of dispersion of a passive scalar from
a continuous, elevated, cross-wind line source into the Tombstone Canopy flow with the
simulation results of Cassiani et al. (2007). One simulation used a TKE dissipation rate
inferred from the TL profile (hereafter called SPMMM–ID, for inferred dissipation), and the
other used a TKE dissipation rate calculated assuming local equilibrium (hereafter called
SPMMM–LD, for local dissipation).
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Table 1 Summary of the SPMMM simulations used for this study

Run C0 TKE dissipation rate Cr μ

SPMMM–ID 2.0 Inferred from TL 0.12 0.82
SPMMM–LD 6.0 Local equilibrium 0.45 0.75

In Part I, the micromixing model parameters had been optimized to μ = 0.75 and Cr =
0.45, and the Kolmogorov constant to C0 = 6.0, by simulating dispersion from an elevated
compact source in the Fackrell and Robins (1982) wall shear-layer flow. As discussed in
Thomson (1996), Sawford (2004), and Luhar and Sawford (2005), the micromixing constant
will be larger for a line source than for a compact source since mixing is more efficient for a
compact source plume. This is because, for a line source, plume entrainment only occurs in the
vertical direction as opposed to the spanwise and vertical directions for a point-source plume.
Investigation showed that increasing the micromixing model constant to μ = 0.80 − 0.85
resulted in a slightly better fit to the experimental data above the height of the maximum
concentration standard deviation, and a slightly poorer fit below. Overall, the performance
measures did improve slightly upon increasing μ, but the difference was not marked, so we
will continue to use μ = 0.75, Cr = 0.45, and C0 = 6.0 for the SPMMM–LD simulation to
avoid arbitrarily re-tuning the constants.

The SPMMM–ID simulation was meant to provide a more direct comparison between
the CASS model and SPMMM. The Kolmogorov constant was set to C0 = 2.0, as this
value produced the best fit to the measured TKE dissipation rate (as shown in Fig. 2), and
was the value used in Cassiani et al. (2007). Based on the theoretical study of Franzese and
Cassiani (2007), Cassiani et al. (2007) noted that, for a smaller C0, a proportionally smaller
Cr must be used. The value of Cr was not explicitly stated in their article, and so we inter-
preted their statement to imply direct proportionality between Cr and C0. Thus, we assumed
that Cassiani et al. (2007) used Cr = 0.12 (viz., Cr/C0 = 0.3/5 = 0.12/2). This honours
the proportionality for homogeneous isotropic turbulence derived in Franzese and Cassiani
(2007), but does not use the exact expression (Cr ≈ C0/11). The micromixing constant was
set to μ = 0.82 in Cassiani et al. (2007). Therefore, the parameters for the SPMMM–ID
simulation were μ = 0.82, Cr = 0.12 and C0 = 2.0. Table 1 summarizes the parameters
used in the SPMMM simulations.

For both SPMMM simulations, the spatial domain was discretized into 60 bins in the x, y
and z directions: Nx = 60, Ny = 60 and Nz = 60. The conditional mean concentrations
were calculated in a velocity domain that was discretized into 20 bins in the u, v and w direc-
tions: Nu = 20, Nv = 20 and Nw = 20. The timestep constant was μt = 0.02. As for the
wall shear-layer simulations in Part I, the canopy flow simulations showed little sensitivity
to the streamwise spatial resolution. First-order consistency between MEANS and SPMMM
was realized at this velocity resolution since the driving velocity statistics shown in Fig. 1
are smoothly varying with low complexity.

The use of a continuous line source effectively reduces the simulations to two dimensions
allowing the use of fewer particles. To pre-calculate the conditional mean concentration field
with MEANS, we used Nφ = 2 × 106 particles. Similarly, since in a line source simulation
there is a much greater chance of a particle being a source particle in SPMMM, we used
N = 5 × 106 particles. An initial source distribution with σ0 = 2.0ds was found to produce
the best fit to the experimental measurements of the standard deviation of concentration close
to the source.
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4 Simulation Results

As in Part I, three performance measures are used to evaluate the SPMMM simulations,
namely, the fractional bias:

FB = (Qo − Qp)

0.5(Qo + Qp)
, (27)

the normalized mean-square error:

NMSE = (Qo − Qp)2

Qo Qp
, (28)

and the fraction of data within a factor of 2 of the observations:

FAC2 = fraction of data that satisfy 0.5 ≤ Qp

Qo
≤ 2.0. (29)

In these definitions, an observed quantity (wind-tunnel data) is denoted by Qo, and a predicted
quantity (SPMMM model result) is denoted by Qp. An overbar indicates an arithmetic mean
of all (or some subset of) the available observations or predictions. Chang and Hanna (2004)
suggest that, for an acceptable model, the performance measures should satisfy −0.3 <

FB < 0.3, 0 ≤ NMSE < 4, and FAC2 > 0.5.
Figure 3 displays the vertical profile of the dimensionless mean concentration at three

downstream positions. Qualitatively, the simulation matches the experimental data reason-
ably well. At all the three locations, SPMMM produced profiles with a similar shape and mag-
nitude to the experimental data. For the three simulations, the agreement is better above the
canopy than below at the three downstream locations. This may be related to the Kolmogorov
constant, as it is the only tunable parameter in SPMMM, which affects the mean concen-
tration. Since the parametrization of micromixing timescale is based on inertial-subrange
theory, and canopy flow lacks a well-defined inertial subrange, it is likely that the improved
performance of the SPMMM–ID simulation may simply be due to a compensation for the
intricacies of canopy flow by a reduction of the Kolmogorov constant.

Poggi et al. (2008) investigated the behaviour of C0 inside dense canopies. They found
that C0 is reduced by a factor of ≈5 relative to its atmospheric surface layer value due to wake
production, and a factor of ≈1.5 due to finite Reynolds number effects. These reductions were
offset by an increase in C0, due to a short circuiting of the energy cascade within the canopy,
but not sufficient to compensate for the reductions. Indeed, the SPMMM–ID and the Cassiani
et al. (2007) simulation results (both of which utilized C0 = 2.0) display better agreement
with the experimental data within the canopy. The agreement between these two simulations
is also quite good. The SPMMM–LD simulations show the poorest agreement with the exper-
imental data, with the largest below canopy underprediction at x/hc = 2.78 and the largest
within canopy overprediction at x/hc = 11.6. However, in another SPMMM–LD simulation
where C0 = 4.0 (not shown), the below canopy height agreement of the simulated and the
experimental vertical profiles of mean concentration was much improved, further supporting
the findings of Poggi et al. (2008).

Part of the below-canopy discrepancy in all the three models may also be partly because
neither the SPMMM nor the CASS implementation resolves the canopy obstacles. Consider
a scenario where reflection of a particle off of the upstream face of a canopy obstacle occurs.
After reflection, there could be a short period of upstream motion before the particle is caught
up in mean streamwise flow and begins moving downstream again. This upstream motion
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Fig. 3 Measured and modelled vertical profiles of the dimensionless mean concentration resulting from dis-
persion from a continuous, cross-wind line source (zs/hc = 0.85) in the Tombstone Canopy flow. The circles
represent measurements from Legg et al. (1986). Three simulated profiles are shown: an SPMMM simulation
utilizing a TKE dissipation rate inferred from TL (solid lines), an SPMMM simulation utilizing a TKE dissi-
pation rate calculated assuming local equilibrium (dashed lines), and the results of the Cassiani et al. (2007)
model (dotted lines), which also used an inferred TKE dissipation rate

would increase the residence time of the particle in this region. If this same process occurred
for many particles, than an increase in the below-canopy mean concentration would result
thereby reducing the discrepancy seen in Fig. 3.

Another possible source of the discrepancy may be the use of an overly simplified (i.e.
horizontally homogeneous, stationary) flow field, which lacks the sweeps and ejections that
are ubiquitous with canopy flow. With a more realistic flow field, one in which the flow
would be forced to split and form recirculating wake regions behind the obstacles, it is easy
to envision particles becoming caught behind the obstacles for some time before carrying
on downstream. This would increase the residence time of the particles in these regions and
thus increase the below-canopy mean concentration, again reducing the discrepancy seen
in Fig. 3. Sweeps would help bring material into the canopy, while ejections would carry
material out. One step towards realism in the flow field that has been shown to not improve
simulation predictions of the mean concentration field is the use of non-Gaussian velocity
statistics (Flesch and Wilson 1992). The SPMMM–ID and Cassiani et al. (2007) simulation
results support this finding.

Table 2 displays the performance measures of the mean concentration for both SPMMM
simulations. From the performance measures, we see that both simulations have a tendency
to underpredict the mean concentration (FB > 0). For the SPMMM–LD simulation, the
fractional bias for the mean concentration is outside of the acceptable range. This is due
to the within-canopy underprediction of the mean concentration at the x/hc = 0.38 and
x/hc = 2.78 positions, as seen in Fig. 3. The other performance measures are within their
acceptable ranges for both simulations, with the SPMMM–ID results being slightly more
accurate.

The model results for vertical profiles of the dimensionless standard deviation of concen-
tration are better, as seen in the Fig. 4. All the three simulations produced similarly good

123



Comparing Two Implementations of a Micromixing Model–Part II 237

Table 2 Performance measures for the SPMMM-simulated vertical profiles shown in Figs. 3 and 4

Statistic Run FB NMSE FAC2

〈φ〉/φ∗ (Fig. 3) SPMMM–ID 0.277 0.439 0.831

SPMMM–LD 0.318 0.579 0.763

σφ/φ∗ (Fig. 4) SPMMM–ID 0.362 0.585 0.850

SPMMM–LD 0.617 1.38 0.700

Fig. 4 Measured and modelled vertical profiles of the dimensionless standard deviation of concentration
resulting from dispersion from a continuous, cross-wind line source (zs/hc = 0.85) in the Tombstone Canopy
flow. The circles represent measurements from Legg et al. (1986). Three simulated profiles are shown: an
SPMMM simulation utilizing a TKE dissipation rate inferred from TL (solid lines), an SPMMM simulation
utilizing a TKE dissipation rate calculated assuming local equilibrium (dashed lines), and the results of the
Cassiani et al. (2007) model (dotted lines), which also used an inferred TKE dissipation rate

profiles. At the farthest measurement location x/hc = 11.6, the SPMMM–ID simulation
shows excellent agreement with the experimental data. As for the mean concentration results,
the performance measures for the standard deviation of concentration (see Table 2) dem-
onstrate both SPMMM simulations have reasonable performance. Both SPMMM–ID and
SPMMM–LD simulations have unacceptably high fractional biases, which is due to the un-
derprediction at the x/hc = 0.38 position. The other performance measures are within their
acceptable ranges for both simulations. As for the mean concentration results above, the
SPMMM–ID simulation outperformed the SPMMM–LD simulation.

The results of the SPMMM and Cassiani et al. (2007) simulations suggest that concentra-
tion fluctuations, as with the mean concentration, can be simulated without taking the trouble
to invoke more realistic, non-Gaussian velocity statistics, and this, to us, was initially quite
surprising, given that it is generally argued that sweeps and ejections and micro-fronts dom-
inate vertical transport of natural scalars (heat, vapour and CO2) in a canopy. Two possible
explanations for this are (1) the relative simplicity of the present source configuration (line
source) permits neglect of the higher-order structure of the flow field, and (2) the one-point
standard deviation of concentration does not contain much information about the higher-order
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Fig. 5 Measured and modelled streamwise transects of the dimensionless ground-level concentration result-
ing from dispersion from a continuous, cross-wind line source (zs/hc = 0.85) in the Tombstone Canopy flow.
The circles represent measurements from Legg et al. (1986). Two SPMMM-simulated profiles are shown:
one utilizing a TKE dissipation rate inferred from TL (solid line), the other utilizing a TKE dissipation rate
calculated assuming local equilibrium (dashed line)

structure of the flow field. Perhaps higher-order moments such as the skewness and kurtosis
of the concentration would be more sensitive to the representation of the velocity PDF.

Two streamwise transects of the ground-level dimensionless mean concentration as sim-
ulated by SPMMM are compared with experimental data in Fig. 5. For x/hc � 6, the
agreement is poor, with the mean concentration underpredicted by both SPMMM–ID and
SPMMM–LD. The x/hc = 2.78 panel in Fig. 3 displays the cause of these poor results.
At this location, both the SPMMM–ID and the SPMMM–LD results have underpredict-
ed the ground-level mean concentration. For x/hc � 6, the simulations agree better with
the experimental data, with the SPMMM–ID results underpredicting the ground-level mean
concentration, and the SPMMM–LD results overpredicting it. The SPMMM–ID simulation
captures the shape of experimental transect of ground-level mean concentration better than
the SPMMM–LD simulation, having a larger initial rise, and faster decay downstream. The
performance measures for the ground-level mean concentration for these simulations are
shown in Table 3. The SPMMM–ID simulation has a FB that is outside of the acceptable
range, but with a NMSE and FAC2 that are acceptable. Only the NMSE is acceptable for the
SPMMM–LD simulation.

The SPMMM predictions for the streamwise transect of the concentration fluctuation
intensity (defined here as max(σφ)/ max 〈φ〉) shown in Fig. 6 are much better than the ground-
level mean concentration. The performance measures for the concentration fluctuation inten-
sity are shown in Table 3, and are very good for both simulations. Figure 4 shows that both
the SPMMM–ID and SPMMM–LD simulations accurately predict the maximum concentra-
tion standard deviation. Figure 3 showed that the simulated maximum mean concentration is
mostly underpredicted, except for the SPMMM–LD simulation at x/hc = 11.6, where it is
overpredicted. The overprediction of max(σφ)/ max 〈φ〉 seen for both simulations in Fig. 6
is the result of the underprediction of max 〈φ〉. Furthermore, where the SPMMM–LD simu-
lation overpredicted the maximum concentration at x/hc = 11.6, the fluctuation intensity is
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Table 3 Performance measures for the SPMMM simulated streamwise transects shown in Figs. 5 and 6

Statistic Run FB NMSE FAC2

〈φ〉/φ∗ (Fig. 5) SPMMM–ID 0.519 0.393 0.667

SPMMM–LD 0.735 1.161 0.444

max(σφ)/ max(〈φ〉) (Fig. 6) SPMMM–ID −0.224 0.0879 1.000

SPMMM–LD −0.039 0.0352 1.000

Fig. 6 Measured and modelled streamwise transects of the fluctuation intensity resulting from dispersion
from a continuous, cross-wind line source (zs/hc = 0.85) in the Tombstone Canopy flow. The circles rep-
resent measurements from Legg et al. (1986). Two SPMMM simulated profiles are shown: one utilizing a
TKE dissipation rate inferred from TL (solid line), and the other utilizing a TKE dissipation rate calculated
assuming local equilibrium (dashed line)

underpredicted. Taken together, the results shown in Figs. 5 and 6 imply that the SPMMM–
ID and SPMMM–LD predictions of the streamwise transects of the first two concentration
moments have fair accuracy.

5 Summary

It has been shown that SPMMM can with fair accuracy simulate dispersion within the
Tombstone Canopy. The poorest predictions of SPMMM were for the mean concentration
below the canopy, where SPMMM underpredicts the mean concentration (Figs. 3, 5). Pre-
dictions of the standard deviation of the concentration (Fig. 4) and the concentration were
good, while predictions of fluctuation intensity (Fig. 6) were fair. Overall, the SPMMM–ID
simulation, using a TKE dissipation rate inferred from the measured Lagrangian integral time
scale profile and setting C0 = 2.0, was more accurate than the SPMMM–LD simulation,
which used a TKE dissipation rate that was the sum of shear and wake production of TKE,
with C0 = 6.0.
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While the SPMMM–LD simulation had the poorest performance of the results displayed
herein, we feel that the results were encouraging. There was no retuning of the free param-
eters from the values reported in Part I, which were optimized for a very different flow, and
still SPMMM produced reasonably accurate predictions. From an emergency-preparedness
standpoint, there is value in a model that once optimized requires no additional tuning and
can make accurate predictions over a wide range of different types of flows. This value may
simply be due to the ability to make quick, initial predictions to assist first-responders, while
more accurate models which account for differences in source configuration and stability
conditions are prepared.

The SPMMM–ID simulation was closer to the Cassiani et al. (2007) simulation (which
also used a TKE dissipation rate inferred from the measured Lagrangian integral time scale
profile and C0 = 2.0), with small differences attributable to the implementation of the two
models. It is conceivable that the SPMMM predictions could be improved upon by resolving
the canopy obstacles and providing them reflection surfaces for the particles to reflect off, or
by utilizing more realistic (inhomogeneous) flow statistics.

Both the SPMMM simulations, along with the simulation by Cassiani et al. (2007), sup-
port the findings of Flesch and Wilson (1992) and demonstrate that it is not necessary to
invoke more realistic, non-Gaussian velocity statistics to simulate the mean concentration
field in canopy flow with fair accuracy. In addition, the results presented herein show that
this is also true for concentration fluctuations (in the situation examined); the assumption of
Gaussian velocity statistics is sufficient for reasonably accurate predictions of the standard
deviation of the concentration due to a line source in the Tombstone Canopy flow.

The results shown herein, along with those in Part I, demonstrate that the sequential particle
trajectory with pre-calculation of the conditional means implementation used by SPMMM,
and the simultaneous particle trajectory with on-the-fly calculation of the conditional means
of the CASS implementation are effectively equivalent. If dispersion of reactive species is
required, then the simultaneous particle trajectories must be used. However, for non-reactive
species, it is advantageous to employ the sequential particle trajectory framework since the
non-interactive nature of the particles allows for easy parallelization across multiple computer
processors.
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